Distributions

Distribution  E[x] Var (x)
a+b (b—a)’
U@b) =5 2
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Moments
1. Meany:)_(:%ZXi

2. Variance 0> =E [(X - y)z] = % -X)2

Y(Xi-X
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3. Skewness y; :E[(XGM ]: %Z(Xi_xﬁ
o’n
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4. Kurtosis y, = E[(X—}l)]z =— 2 (X; -X)4
E[(x-p?] on
Cov(X,Y) =E[XY]-E[X]E[Y] = 15 (XY - XY)

Normal distribution properties

P-value P(Z>z)=1-
of N(0,1).

@(z) where @ is the CDF

Central limit theorem If X;,.. X are IID with

E[X;]=p, Var (X;) = 02, X ~ N(y,

Normal approximations
* Bin(n,p) ~ N(np, npq)
« Pois(1) ~ N(A, 1)

* Hg(N,n,p)= N(np, npq%)

Point estimates

Unbiased estimates of y

X1+"'+Xn

* Sample mean X = . Variance is

s% =o?/nif ID, 5}2? = —(1 - 11\1[ 11) otherwise.

e Stratified sample mean X, Wle o+ WX

Variance is S}? (Wlsf )+ e+ (WL% ) where
L
2
2 =91
X, m

Unbiased estimates of 2 .
2 _

e Sample variance s* = T Y (X; - X)? =
n (X2—)_(2)

n—1

Stratification

* Mean p=Wypy +---+ Wy

* Variance o2 = 0_2 +Y Wi — p)?

* Avg. variance 02 = Wio? + -+ + Wyo}
* Avg. stddev o = Wioy +---+ Wyop
¢ Pooled sample mean )_(p = %(nl)_(l o Xp)

biased with Z(ﬂ - Wk)lll'

Optimal allocation n; = n W
cation n; = nWj.

L, proportional allo-

Estimation

Method of moments
Given E[X] = f(0,y) and E[XZ] =g(0,7) solve the

system X = £(6,7), X2 =g(0,y).

Maximum likelihood

Given L(0) = f(xq,...
tain 6. For IID samples L(6)

,X,|0) minimize L(6) to ob-

= f(x110)--- f (x,]0).

Tests

Large-sample proportion
P—Po

\/Po%”’l

* Two-sided rejection region:
“Zgp2} Pz =1-a

* Power function Pw = P (reject Hy | H; is true).

* P-value: P(Z > Zgpserved), Teject Hy if P < av.

“ Hyip=py = Z=

{Z > Za/Q,Z <

Small-sample proportion

* Hy:p=py = Z =Bin(n,p)

Tests for mean

e Large samples: Hy: p=pg = Z = S_jlo
X
N(0,1)
* Small samples: Hy: py=pg = Z = - _Ho
X

th1
* CI method: reject at a% if a (100 — a)% CI
doesn’t cover p

Likelihood ratio

» Testing Hy : 60 = 0 against H; : 0 = 0,
. i A = L(Bo)
Statistic: A = (0,

* Reject Hyif A< A,

~

Pearson's x test

* Observation belongs in one of ] classes

* Ho:(p1,--pp) = (p1(A),-., py(A))
TR (0;-E;))*
* Statistic: X* = Z]» — 5 with cell counts
]
Ej=n-pj(d)



Variance analysis

One-way ANOVA

One factor, I levels, I independent IID samples
Yi1,...,Yi;. Hy: all treatements have the same ef-
fect. Key data:

d SSTOTZSSA+SSEZZZ(Yi]'—?“)Z
+ S5, =] L2
" SSp =YY el

d MSA— SSA E[MSA] ]120(12
.« MSg = 55_ ),E[MSE]
sp:MSEszZ( ij — Y;)?

Normal theory model Y;; ~ N(u;,0?), Y = p+
aj +€j, €jj ~ N(0,02). MLE pooled sample mean

A=Y, d&;=Y;-Y..Reject Hy for large values of
MS,

MSe with null distribution Fy_y j_1).

Bonferroni method Overall level « in k inde-
pendent tests if each test has level a/k. Simultane-
ous CI for (é) pairwise differences is (Y,. - Y,.)

Tukey method I independent N(y;,0?) samples
with equal size ] gives Tukey’s simultaneous CI as

(Y,.-Y,)=* %,I(]—l)(a)s—\/’%-

Kruskal-Wallis Nonparametric test for Hy:
equal distributions. = Does not assume nor-
mality. Pooled sample size N = J; +--- + ]|,

pooled sample ranking R;; = ranks of Y;; with

Y YRy = NN+

tic becomes K =

and R, = M. Test statis-
CON+1V
N(N+1)ZL( >—) with

null distribution x? 71

Two-way ANOVA

Two factors A with I rows and B with | columns,
and K observations per cell. Key data:

* SStor =SS4 +SSp+SSap+SSg =22 2 (YVijk—
Y..)?

* SS4=JKY &}

* SSp=IKY j?

. SSAB:KZZcSZZJ

. SSE—ZZZe,]k

° MSB — =YD
o MSAB

K V)

T D7D &=L0%

e MSg = ,E[MSE]

)ZZZ( ijk — )2

SSg
IJ(K - 1)
hd Sp :MSE I (
Normal theory model

€ijk ~N(0,0 )_MLEs i=
Y, -Y.,5;

Yl]k = p+a; +ﬁ]+01]+e1]k,
LAi=Y. -Y.. ﬁ]

=Y -Y.~d- ﬁ]_Y,]—Y -Yj+Y.

Tukey method Tukey’s simultaneous CI: (Y. -
— s
Y,.)£qrk-1)(a)—=

e

Additive model For K =1 no interaction (61-2]- =

... MS
0). Statistics M_§2 ~ Fro1,a-1g-

Froy-ng-1)-

Randomized block design

Experimental design with I treatments randomly
assigned within ] blocks. Hy: no treatment effects.
Parametric uses two-way ANOVA.

Friedman's test Ranking within jth block
(le,... Rjj) = ranksof (Yyj,...,Y];) giving Ryj +
I(I+1
( ), implying I(R1] +Rypj) =

+R[] )
I+l ,pg R, = 1#1 Test statistic Q =

2
12 R _1+1)?
I(I+Il)Z(Ri'_ 2 ) with Q~ 7.

[\

Bayesian inference

Conjugate priors

Data Prior Posterior
X~N(60,0%) p~N(@mv?) Nym+(1-y)%yv?)
X ~Bin(n,p) p~Beta(a,b) Beta(a+x,b+n-x)
Mn(n;py,...,p;) D(ay,...,a;) D(ag+xy,...,a,+x;)
X ~Pois(y) pu~I(a,A) IF'a+x,A+1)
X ~Exp(p) p~TI(a, ) I'(a+1,A+x)
ith o’
wi = 7.
¥ o +nv?

Credibility interval CI interval for the posterior
distribution (P (6q(x) <0 <01(x)) = 1 — a for ran-
dom 0).



Summarizing data

Survival function S(t) = P(T >t) = 1 — F(¢t) for
lifelength T. Hazard function h(t) = f(¢)/S(t) =

—%log(S(t)).

Measure of location

¢ Median M. Hy: M = M,

e Statistic: Z =) I(X; < My) (number of observa-
tions below M)

* Reject Hy if My is not in (Xx), X(4—k+1)) where

k =k, such that P(Y <k,) = %

Measures of dispersion

Measures of o in N(y, 0%):
* Sample standard deviation s

X0.75 — X0.25
1.35

" median(|X; - M)
0.675

* Interquartile range

¢ Median of absolute deviance

Comparing samples

Comparing two independent samples

* Large samples: normal approximation X-Y~
N(py — yy,s)% + s;).

o P-value: reject Hy if P(Z > z| Hy) < @ where z
is the observed test statistic. Two-sided P-value is
two times the one-sided P-value.

Wilcoxon rank sum test
* Pool samples, replace data by ranks
e Statistic: either R, = ) ranksof X or R, =

n+m+1y R
(") - Ry
* Null distributions in table, for large samples

apply normal approximation

Paired samples

Paired IID samples (X3, Y7),...,(X,, Yy)
* Transform to D; = X; - Y; estimating pu, — Py =
D=X-Y

* Correlation coefficient p = Cov(X,Y)

7,0, > 0 for

paired observations
e Ifp>0, Var(ﬁ) = Var()_() +Var(l_/) —203035p

Sign test Test Hy : Mp = 0 with statistics Y, =
Y{D; > 0} or Y_ = Y {D; < 0}, null distribution
Bin(#n,0.5).

Wilcoxon signed rank test Hj: distribution of
D is symmetric around Mp = 0. Statistic W, =
Y rank(|D;|) - (D; > 0) or corresponding W_. Nor-
mal approximation of null distribution has py =
nn+1) , nn+1)(2n+1)

r W= 24 '

Categorical data

Fisher’'s exact test

Hy : 7111 =115, 711 = Ttp,. Use n74 as a test statistic,
null distribution ny; ~ Hg(N,n,p) with parame-
ters N=n.,n=n1,Np=ny,Ng=n,.

x>-test of homogenity

I categories, | populations, Hy all J distributions
are equal. Use sample counts and test statistic
. 2
P 4(ni]—n,~.n.j/n..)
X° = Z’ Z’] 1/11‘.1/1‘]‘/11..
X2, null distribution X? ~ x5 with df = (I - 1)(J -
1).

. Reject Hy for large

x’-test of independence

Hyj all pairs of column/row are independent. Use
homogenity test (is equivalent).

McNemar's test

(n1p —ny; )2
Nz + 1y

null distribution x?. Use normal approximation

with 2-sided P-value 2(1 — (I)(\/EXZ))), reject Hy if

X’<a.

Hy : 111, = 1051 Use statistic X? = with



